In this paper, we study the order of the product of the odd order abelian composition factors of finite linear groups. We will first generalize a result of Manz and Wolf about order of solvable linear groups, and then use this to find bounds for the order of the product of the odd order abelian composition factors of a linear group.
Introduction
The order of a finite group is perhaps the most fundamental group-theoretic property one can study. Accordingly, the problem of bounding finite group orders is a very natural one and has long been a subject of vigorous research. For example, Manz and Wolf obtained the following result [7, Theorem 3.5] in bounding the order of a solvable linear group by the size of the vector space on which it acts. In light of this result, it is natural to ask whether one can extend (2) and (3) to a similar result for the order of certain subgroup H of a completely reducible linear group G (note that H does not need to act completely reducibly on V ).
Next, inspired by a sequence of papers written by the fifth author [6, 9] , we consider the direct product of the order of the abelian composition factors. By combining the techniques used in [7] and [6] , we produce an upper bounds for the product of odd order abelian composition factors of an arbitrary linear group, which further generalizes Theorem 2.1 to an arbitrary finite linear group. We now fix some notation. Notation: All groups in this paper are assumed to be finite. Given a group G and a subset A ⊆ G, Z(G) denotes the center of G, C G (A) denotes the centralizer of A in G, F (G) denotes the Fitting subgroup of G, and F * (G) denotes the generalized Fitting subgroup of G. The layer of G is denoted as E(G), and socle(G) denotes the subgroup generated by all minimal normal subgroups of G. λ to be a constant having the value of 3 √ 24; Out(G) to be the outer automorphism group of G.
Bound for a Subgroup
In this section, we generalize parts (b) and (c) of Theorem 2.1 to a subgroup H of G that satisfies the respective conditions. We note that the action of H on V might not be completely reducible, and thus the generalization is essential. Theorem 3.1. Let G be a finite solvable group and let V = 0 be a finite, faithful, completely reducible G-module with char(V ) = q > 0. Let H be a subgroup of G.
(1) If 2 ∤ |H| or if 3 ∤ |H|, then |H| ≤ |V | 2 /λ. (2) If 2 ∤ |H| and q = 2, then |H| ≤ |V | 3/2 /λ. Proof. We proceed by inducting on |H||V |. Mimicking the proof in [7, Theorem 3.5], we split our proof into 5 steps.
Step 1. We may assume that V is an irreducible G module.
If not, (2) follows from the same process.
Step 2. We may assume that V is quasi-primitive G-module.
If not, we choose N ⊳ G maximal such that V N is not homogeneous and write V N = U 1 ⊕ . . . ⊕ U m for the homogeneous components U i of V N . Then G/N faithfully and primitively permutes U 1 , . . . , U m . Let M/N be a chief factor of G. Then |M/N | = m and M/N is a faithful irreducible G/M -module. Using the inductive hypothesis and the argument in Step 1, we have Step 3. Set |V | = q n . We may then assume that n ≥ 2 and q n ≥ 16.
First assume that |V | = q. Then
Therefore, since |H| ≤ |G|, we have part (1). To prove (2), we assume q > 2 and S ∈ Hall 2 ′ (GL(V )). Now |H| ≤ |S| ≤ q/2 ≤ q 3/2 /3 ≤ |V | 3/2 /λ. Thus we are done with |V | = q.
If |V | = 4, then |H| ≤ | GL(V )| = 6, and each Sylow subgroup of GL(V ) has order at most 3 ≤ |V | 2 /λ.
If |V | = 8, then by [7, Theorem 2.13(a)] |H| ≤ | GL(V )| = 21 ≤ |V | 2 /λ. If |V | = 9, then | GL(V )| = 48. Furthermore, a Hall 2 ′ -subgroup of GL(V ) has order 3 ≤ |V | 3/2 /λ, and a Hall 3 ′ -subgroup has order 2 4 ≤ |V | 2 /λ.
Step 4. We may assume that (i) G ≤ Γ(q n ), (ii) n > 3, (iii) if q = 2, then n ≥ 8.
(i) Suppose that G ≤ Γ(q n ). Then |H| ≤ |G| < nq n . To prove (1), we assume that nq n > q 2n /λ and thus 3n > q n ≥ 2 n . This can happen only when q = 2 and n ≤ 3. But we handled these cases in Step 3. Therefore, |H| ≤ |G| < nq n ≤ q 2n /λ = |V | 2 /λ. To prove (2), we assume that nq n > q 3n/2 /λ, and thus 3n > q n/2 . By Step 3, n > 1 and it follows that q n = 3 2 , 5 2 , 3 3 , 3 4 . A Hall 2 ′ -subgroup S of Γ(q n ) has order 1, 3, 13, 39, 5. Thus |H| ≤ |S| ≤ q 3n/2 /λ = |V | 3/2 /λ.
(ii) Recall that n ≥ 2. Suppose that n = 2 or 3. Since V is quasi-primitive and G ≤ Γ(q n ), we know that G has normal subgroups F = F (G) and T = Z(F ) such that |T | | q − 1, F/T is elementary abelian of order n 2 , and F/T is a faithful irreducible symplectic G/F -module.
When n = 2, recall that in Step 3, we have analyzed the case q = 2 or 3. Thus, we may assume q ≥ 5. We have |H|
Therefore, we are done with n = 2.
When n = 3, then
We have q = 2 by Step 4. Furthermore, q = 3, because O 3 (G) = 1. Thus it is easy to see that
We now assume that q = 2, 4 ≤ n ≤ 7 and G ≤ Γ(q n ). By [7, Corollary 2.13], n is not a prime. Since V is quasi-primitive, [7, Corollary 2.15] implies that n = 6 and |H| ≤ |G| ≤ 3 3 · 48 ≤ 2 12 /3 ≤ |V | 2 /λ.
Step 5. Conclusion.
Since V is quasi-primitive, we may apply [7, Corollary 1.10] to conclude that there exists normal subgroups of G,
Since A = C G (Z) and Z is cyclic, |HA/A| ≤ |G/A| ≤ |Z| ≤ |U |. If T > U , then |T : U | = 2, |Z| is even and |HA/A| ≤ |G/A| ≤ |Z|/2 ≤ |U |/2. In all cases,
Next, we will prove three cases when e is small:
(1) If e = 2, since e 2 | |F/T |, then 4 | |F/T |, and then |G| is divisible by 4. By Step 4(ii),(iii), we know that |V | ≥ 81. Therefore, we have the following bound which gives condition (1):
Next, since |G| is divisible by 4 and since A/F ≤ GL(2, 2), |A/F | = 1, 2, 3 or 6. Then |A/F | 2 ′ ≤ 3, and since |H| | |G| 2 ′ , then |H| ≤ |G| 2 ′ . Since |V | ≥ 81 the following computation gives condition (2):
Therefore, we are done with the e = 2 case. (2) If e = 3, then we know that 3 | |F | and q = 3. By Step 4, |V | ≥ 256. Since
Since |V | ≥ 256, the following computation gives (1):
Since |A/F | ≤ GL(2, 3), |A/F | 2 ′ ≤ 3 and since |H| | |G| 2 ′ , |H| ≤ |G| 2 ′ , and |V | ≥ 256 the following computation gives (2):
(3) If e = 4, then we have |F/T | = 4 2 , and thus we see that 16 | |G|. Also, we have |V | = |W | 4t ≥ |U | 4 . Since |V | ≥ 625, the following computations yields (1):
By using the fact that 16 | |G| and |V | ≥ 625, the following computations gives (2):
Therefore, in the rest of the proof, we will assume e ≥ 5. Because F/T is a faithful completely reducible A/F module of order e 2 > 1, the inductive hypothesis implies that |A/F | ≤ e 4 /λ if 2 ∤ |HA| or 3 ∤ |HA|. e 3 /λ if 2 ∤ |HA| and q = 2.
Since |U | < |W | and |G/A||T | ≤ |U | 2 , it follows that |H| ≤ e 6 /λ · |W | 2 /λ if 2 ∤ |HA| or 3 ∤ |HA|. e 5 /λ · |W | 2 /λ if 2 ∤ |HA| and q = 2.
Recall that |V | = |W | te . To prove (2), we assume that |H||V | is odd and e 5 · |W | 2 > |V | 3/2 ≥ |W | 3e/2 . Then e 10 > |W | 3e−4 . Because |U | | |W | − 1 and |W | is odd, it follows that |W | ≤ 7 and e 10 > 7 3e−4 . This implies e < 5, since we assumed that e ≥ 5, we reach a contradiction. Thus part (2) follows.
We now prove (1). If (1) is false, then e 6 · |W | 2 > |W | 2te and e 3 > |W | te−1 .
Since |U | | |W | − 1 we have that |W | ≤ 3 and e 3 > 3 e−1 . Thus e ≤ 5. If e = 5, then 5 | |U | and |W | ≥ 11. Now the inequality above gives a contradiction and hence e = 4. Then 2 | |H| and the inequality above implies that |W | = 3, t = 1 and |V | = 3 4 . Now T = U = Z has order 2 and F is extra-special of order 2 5 . Since A = C G (Z) = G, F/Z is a faithful completely reducible G/F -module. By [7, Corollary 1.10] F/Z is irreducible or the direct sum of two irreducible G/F -modules of order 2 2 . Thus |G/F | divides 60 or 72. If |G/F | ≤ 60 then |H| ≤ |G| ≤ 60 · 2 5 ≤ 3 7 = |V | 2 /3 ≤ |V | 2 /λ. ⊓ ⊔
We now start to strengthen parts (b) and (c) of Theorem 2.1 to product of odd order abelian composition factors of an arbitrary linear group. We will first look at some number theory results.
Some Number Theory Results
Lemma 4.1 (Feit) . If q is a prime power and m is an integer greater than 2, then there exists a prime l | q m − 1 such that either l ≥ 2m + 1 or l 2 | q m − 1 (and thus l 2 > 2m + 1) except in the following cases.
• q = 2 and m = 4, 6, 12.
• q = 3 and m = 4.
Proof. This is proved in [6, Lemma 3.1]. ⊓ ⊔ Lemma 4.2 (Feit) . If q is a prime power and m is an integer greater than 2, then there exists a prime l | q m − 1 such that either l ≥ 3m + 1 or l 2 | q m − 1 (and thus l 2 > 3m + 1) except in the following cases.
• q = 2 and m = 3, 4, 6, 8, 12, 20.
• q = 3 and m = 4, 6.
• q = 4 and m = 6.
Proof. This is proved in [6, Lemma 3.2]. ⊓ ⊔ Lemma 4.3 (Feit) . If q is a prime power and m is an integer greater than 2, then there exists a prime l | q m − 1 such that either l ≥ 4m + 1 or l 2 | q m − 1 (and thus l 2 > 4m + 1) except in the following cases. (Feit) . If q is a prime power and m is an integer greater than 2, then there exists a prime l | q m − 1 such that either l ≥ 5m + 1 or l 2 | q m − 1 (and thus l 2 > 5m + 1) except in the following cases. 
Simple Groups
We will begin by proving the following important lemma. Proof. We now go through the classification of Finite Simple Groups.
(1) Let G be one of the alternating group A n , n ≥ 5. We know that | Out(A n )| = 2 except when n = 6 and | Out(A 6 )| = 4. If | Out(A n )| = 2, then | Out(A n )| 2 ′ = 1. Since 5 | |A n |, the result is clear. When | Out(A 6 )| = 4, then | Out(A 6 )| 2 ′ = 1, since 5 | |A 6 | and 3 | |A 6 |. Therefore, the result is clear.
(2) Let G be one of the sporadic or Tits group. Thus | Out(G)| ≤ 2 and the result can be checked by [2] . For simple group of Lie type, we go through various families of Lie type. To illustrate the method, [6, Proposition 4.1] gives a detailed analysis for A n (q) and shows how to handle most cases. For those finitely many exceptional cases "small" cases left, we will check that the required inequalities hold by direct calculation. To avoid the repetition of similar arguments, for the remaining families of simple groups of Lie type, there is a table in [6, Proposition 4.1] that handles all the exceptional cases.
(3) Let G be of type A 1 (q) where q = p f . We have
Case (a). Suppose that q is even. Then d = 1 and | Out(G)| = f . Assume ∃ Zsigmondy prime L 1 for p 2f − 1. Then L 1 | p 2f − 1 and thus L 1 | p f + 1 and
Also, there exists an
Then |L| ≥ 2f . However, we have the following exceptions by Lemma 4.1:
(i) f = 4, thus | Out(G)| = 4, and | Out(G)| 2 ′ = 1. Since 2 4 + 1 = 17, 2 4 − 1 = 15 = 3 · 5. Thus we take L 1 = 17, L 2 = 5.
(ii) f = 6, thus | Out(G)| = 6, and | Out(G)| 2 ′ = 3. Since 2 6 + 1 = 65 = 5 · 17, 2 6 − 1 = 63 = 7 · 3 2 . Thus we take L 1 = 13, L 2 = 7.
(iii) f = 12, thus | Out(G)| = 12, and | Out(G)| 2 ′ = 3. Since 2 12 + 1 = 4097 = 17 · 241, 2 12 − 1 = 4095 = 3 2 · 5 · 7 · 13. Thus we take L 1 = 17 and L 2 = 7.
Case (b). Suppose that q is odd. Then d = 2 and | Out(G)| = 2f , where | Out(G)| 2 ′ = f . Then we do the same trick, L 1 | p f + 1 and
Also, there exists an L 2 | p f − 1, where L 2 ≥ f , where we know that L 1 = L 2 . If L 2 ≥ 2f , then we are done. Otherwise if L 2 2 | q m − 1, we take the Sylow L 2 -subgroup |L|. Then |L| ≥ 2f . The following case is the exception by Lemma 4.1:
(i) When p = 3, f = 4, thus | Out(G)| 2 ′ = 1. Since 3 4 + 1 = 82 = 2 · 41, and 3 4 − 1 = 80 = 2 4 · 5. We pick L 1 = 41, L 2 = 5.
(4) Let G be of type A n (q), where q = p f and n ≥ 2. Set m = n i=1 (q i+1 − 1). Then
With the exception of a finite number of cases, there exists a Zsigmondy prime L 1 for p f (n+1) − 1 such that L 1 ≥ 2f (n + 1), or L 2 1 | p f (n+1) − 1 and hence L 2 1 ≥ 2f (n + 1). We take the Sylow L 1 -subgroup as H 1 . Also, by Lemma 4.2, with the exception of a finite number of cases, there exists a Zsigmondy prime L 2 for p f n − 1 such that L 2 ≥ 3f n ≥ 2f (n + 1), or L 2 2 | p f n − 1 and hence L 2 2 ≥ 3f n ≥ 2f (n + 1). We take the Sylow L 2 -subgroup as H 2 . We know that L 1 = L 2 .
Since | Out(G)| = 2f d, | Out(G)| 2 ′ ≤ f d. Also, n + 1 ≥ d = (n + 1, q − 1), we know |H 1 |, |H 2 | ≥ 2| Out(G)| 2 ′ . Therefore, the result follows. The exceptions by Lemma 4.2 are listed in Table 1 . − 1  2  2  2  3  3  9  7  2  2  3  1  3  73  7  2  3  2  1  1  7  17  2  2  4  3  3  17  13  2  4  2  1  1  31  17  2  2  6  3  9  73  19  2  3  4  1  1  257  17  2  4  3  1  3  151  31  2  6  2  1  1  127  43  2  2  10  3  15  331  151  2  4  5  1  5  31  11  2  5  4  1  1  31  11  2  10  2  1  1  31  11  3  2  2  1  1  7  5  3  2  3  1  3  13  7  3 3 2 4 1 41 13 Table 1 . Exceptions for A n (q) (5) Let G be of type 2 A n (q 2 ) where n ≥ 2. Note that if n = 2, then q > 2. Set m = n i=1 (q i+1 − (−1) i+1 ), q 2 = p f and d = (n + 1, q + 1). Then |G| = d −1 mq n(n+1)/2 , and | Out(G)| = df . By Lemma 4.3, there exists a Zsigmondy prime
Moreover, by Lemma 4.4, with the exception of a finite number of cases, there exists a Zsigmondy prime L 2 | p f n/2 − (−1) n+1 such that L 2 ≥ 5 2 (n + 1)f ≥ 2(n + 1)f ≥ 2df or L 2 2 | p f n/2 − (−1) n+1 and that L 2 2 ≥ 5 2 (n + 1)f ≥ 2(n + 1)f ≥ 2df . For all the exceptional cases, we can check the results through a direct calculation and by considering the order of the group G and Out(G) (see Table 2 ). 2 3  1  1  1  9  5  2 2  2  1  1  13  5  2 4  1  1  1  13  5  2 2  3  3  9  243  19  2 3  2  1  1  13  5  2 6  1  1  1  43  7  2 2  4  1  1  241  17  2 4  2  5  5  41  25  2 8  1  3  3  19  17  2 2  5  3  15  331  31  2 5  2  1  1  7  5  2 10  1  1  1  31  11  2 2  6  1  3  37  13  2 3  4  1  1  241  17  2 4  3  1  3  13  11  2 6  2  1  1  7  5  2 12  1  1  1  7  5  2 2  9  3  27  87211 73  2 3  6  1  3  37  13  2 6  3  1  3  19  7  2 9  2  5  5  41  31  2 18  1  1  1  19  7  2 2  10 1  5  61  41  2 4  5  1  5  31  11  2 5  4  1  1  13  9  2 10  2  1  1  31  11  2 20  1  3  3  41  31  2 2  14 1  7  127  43  2 4  7  1  7  71  43  2 7  4  1  1  257  17  2 14  2  5  5  41  17  2 28  1  1  1  59  17  3 3  1  4  1  5  13  3 2  2  1  1  73  5  3 4  1  1  1  61  5  3 2  3  1  3  13  7  3 3  2  2  1  73  41  3 We now list the table (Table 3) for the simple groups of lie types other than A n (q) and 2 A(q 2 ). The second and the third columns in the table are the terms where we try to find two large coprime prime divisors for the Sylow subgroups.
− 1 (f = 1, n = 2);(p = 2, f = 3, n = 2); (p = 2, f = 1, n = 3) Dn(q), q = p f p f (2n−2) − 1 p f (2n−4) − 1 (p = 2, f = 1, n = 5);(p = 2, f = 2, n = 5);(p = 2, f = 1, n = 3); (p = 2, f = 1, n = 4); (p = 2, f = 3, n = 4); (p = 3, f = 1, n = 4);(p = 5, f = 1, n = 4) 2 Dn(q 2 ), q 2 = p f p f (n−1) − 1 p f (n−2) − 1 (p = 3, f = 2, n = 3, 4);(p = 5, f = 2, n = 4); Table 3 . Other Lie Type Groups
Odd Order Composition Factors
In this section we prove the main result of the paper. Lemma 6.1. Let G be a permutation group of degree n. Then the product of the order of the odd order abelian factors in a composition series for G is at most 2 n−1 .
Proof. We shall prove the result in three different cases: intransitive, imprimitive and primitive.
We check that the result is true for n ≤ 4 (|S 2 | 2 ′ ≤ 2, |S 3 | 2 ′ ≤ 4, |S 4 | 2 ′ ≤ 8). We shall proceed by induction on n and assume that n ≥ 4, consider the following three cases:
(1) If G is intransitive with an orbit length d with 1 ≤ d ≤ n, then we may assume G is isomorphic to a subgroup of S d × S n−d . Thus by induction |G| ≤ 2 d−1 2 n−d−1 < 2 n−1 .
(2) If G is imprimitive, then there exists d | n with 1 < d < n, and m = n/d such that G is isomorphic to a subgroup of S d ≀ S m with the natural action of S m . Then induction shows that |G| ≤ (2 d−1 ) m 2 m−1 = 2 n−1 . (3) If G is primitive, then we know that G either contains A n or is one of the groups in the exception list of [8, Corollary 1.4] with some extensions. Now let G S denote the normal subgroup of G such that G/G S is the maximal solvable quotient. If G contains A n , then |G : G S | ≤ 2 < 2 n−1 when n ≥ 5. If G is one of the groups in the exceptional list, then we check by direct computation in the table (Table 4) We now can prove the main result of this paper: Theorem 6.2. Let G be a finite group acting on V faithfully and completely reducibly, then the product of order of the odd order abelian composition factors ξ 2 ′ (G) have the following bound:
(1) ξ 2 ′ (G) ≤ |V | 2 /λ.
(2) If q = 2, then ξ 2 ′ (G) ≤ |V | 3/2 /λ.
Proof. Let S be the maximal normal solvable subgroup of G. ConsiderḠ = G/S. We know that F (Ḡ) = 1 sinceḠ has no nontrivial abelian normal subgroup; otherwise S is not maximal. Therefore, F * (Ḡ) = F (Ḡ)E(Ḡ) = E(Ḡ). Also, we know that Z(E(Ḡ)) is trivial, otherwise S
